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ON EQUIVALENCE THEOREMS OF MINKOWSKI SPACES AND 
APPLICATIONS IN FINSLER GEOMETRY 

MING LI 


Abstract. In the first part of this paper, we establish the correspondence between 
the Minkowski spaces and hyperovaloids with the centroaffine normalization. This 
correspondence allow us to prove the equivalence theorem of Minkowski spaces via 
results in affine geometry. In the second part, we obtain some results related to 
the Unicorn problem in Finsler geometry. We prove that Landsberg spaces with 
some additional conditions must be Berwald spaces. These conditions are vanishing 
mean Chern-Minkowski curvature, vanishing mean Berwald curvature, closeness 
of Cartan-type form or vanishing S-curvature. As an application, we prove that 
a specially semi-C-reducible Finsler manifold of dimension n > 4 is a Landsberg 
manifold if and only if it is a Berwald manifold. 

Keywords: Minkowski space, hyperovaloid, Cartan tensor, Cartan form, cubic 
form, Tchebychev form, Chern-Minkowski curvature, Landsberg curvature, 
Cartan-type form, S-curvature, nonlinear parallel transport 
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Introduction 

In this paper, a Minkowski space means an n dimensional real vector space V with 
a smooth strongly convex norm F. Two Minkowski spaces (V, F) and (U, F) are 
equivalent, if there exists a nondegenerate linear homomorphism L : V — > V, such 
that F = FoL. It is clear that all n dimensional vector spaces with Euclidean norms, 
which are such norms induced by inner products, are equivalent to (M”, || • ||), where 

lbII = VUv *) 2 , for y = (z/ 1 , ■ ■ •, y n ) e 

The indicatrix Ip of a Minkowski norm F is the set of vectors of unit norm, which 
is a strongly convex hypersurface with origin in its interior. The indicatrices of two 
equivalent Minkowski spaces differ by a nondegenerate linear homomorphism, so they 
have the same centroaffine differential geometric structures. Then it is a natural way 
to study Minkowski spaces via methods of affine differential geometry. 

This idea may appeared firstly in the work of Blaschke [8j and Deicke [T2j about 
the Blaschke-Deicke theorem, which implies the Cartan form g is the sole of the 
difference between non-Euclidean norms and Euclidean norms. In their works, the 
equiaffine geometric structure of the indicatrix of a Minkowski norm is investigated. 
Laugwitz firstly develops the centroaffine differential geometry of the indicatrices of 
Minkowski norms in [I8l T9| . He proves that the pull backs of the fundamental form 
g and Cartan tensor A of a Minkowski space are exactly the centroaffine invariant 
metric and cubic form of the indicatrix up to a sign with respect to its centroaffine 
normalization, respectively. In |9] , Bryant also indicates these results. We will reprove 
these facts in Section 2.1 for our purpose. Using a similar idea, Huang and Mo |25] 
give some characterization of Randers norms, of which the indicatrixs are elliptic 
quadrics. One also notes that (TAj defines a function for each hypersurface with 
centroaffine normalization, which is exactly the Minkowski norm if the hypersurface 
is a hyperovaloid with center in its interior. The importance role played by the 
centroaffine differential geometry of convex hypersurfaces in Finsler geometry is also 
pointed by Alvarez Paiva in [2]. 

It is established here an explicit correspondence between Minkowski norms and hy- 
perovaloids with origin in its interior, up to a centroaffine transformation (cf. Lemma 
8-11). Under this correspondence, the Cartan tensors and Cartan forms of Minkowski 
norms are identified with the cubic forms and Tchebychev forms of the centroaffine 
geometries of hyperovaloids upto a sign. This explicit correspondence theorem allow 
us to transfer the results from affine differential geometry to the theory of Minkowski 
spaces. A direct important application is the equivalence problem for Minkowski 
spaces. In two dimensional case, this problem is solved via a equation of Rund [6]. 
This special theorem indicates again the importance of the Cartan form. For the 
cases of dimension greater than 2, Schneider [[28] gives remarkable uniqueness theo¬ 
rems for hyperovaloids. His theorems are in fact settled in relative differential geome¬ 
try, which is a general theory about affine differential geometry of hypersurfaces. For 
the centroaffine normalizations of hyperovaloids, it is proved that hyperovaloids are 
determined by their induced affine metrics and Tchebychev forms up to a nondegen¬ 
erate centroaffine transformation. This result translate to Minkowski spaces solves 
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the equivalence problem of Minkowski spaces (cf. Theorem 1,2). It should be point 
out that the work of Schneider also relates to a classes of PDEs which are similar to 
the equations appeared in the work of Rund in dimension two. As an application, we 
also obtain the equivalence theorems for specially semi-C-reducible Minkowski spaces 
of dimension n > 4. 

A Finsler manifold (M, F) can be viewed as a family of Minkowski spaces, since 
that F t x m is a Minkowski norm for each x G M. In Finsler geometry, most of 
geometric invariants live on the slit tangent bundle TM 0 or projective sphere bundles 
SM of M. The variation of arc length of F gives the spray vector held G and a 
horizontal splitting of the tangent bundle of TM 0 and SM. This allows us to define 
natural Sasaki-type metrics on TM 0 and SM. Since SM admits natural foliation 
structure, the horizontal part of the tangent bundle of SM has the Bott connection. 
In [13], we prove that the Bott connection is indeed the Chern connection, and the 
symmetrization of the Bott-Chern connection is just the Cartan connection. We also 
introduce the notations Cartan endomorphism H as the difference between Bott- 
Chern connection and Cartan connection. The trace 77 = tr H is called Cartan-type 
one form. This two concepts are natural generalization of cubic forms and Tchebychev 
forms to the family case. The main results of this paper will based on the study of 
H and 77 . 

The Bott-Chern connection is torsion free and almost metric preserving. Then the 
curvature of the Bott-Chern connection only have “h-h” part and “h-v” part with 
respect to the splitting of the tangent bundle of SM. The “h-h” part and “h-v” 
part are called the Chern-Riemann curvature and Chern-Minkowski curvature, and 
denoted by R and P, respectively. A Finsler manifold is called a Berwald manifold if 
P = 0. The value of P along the spray vector held is called the Landsberg curvature 
and denoted as L. If L = 0, then the Finsler manifold is called a Landsberg manifold. 
A famous problems in Finsler geometry is the so called “Unicorn problem” of hunting 
non-Berwald Landsberg manifolds. So far this problem is still open. The “generalized 
Unicorn problem” is to hunt non-Berwald weak Landsberg manifolds. For general 
comment on these problems, one refers to B 0 1231 EH [38]. It is proved in [35] 
that Landsberg (a, (3) manifolds are Berwald manifolds for dimension n > 3. In 
M, some non-regular (a, (3) metrics are constructed, which are Landsberg but not 
Berwald metrics. Recently, [40] proves that weakly Landsberg (a, /3) manifolds are 
Berwald manifolds for dimension n > 3. We also note that [22 ] gives some results 
about this problem for semi-C-reducible Finsler spaces, which may not be regular 
metrics. 

The above investigation of Finsler manifold can be described as “(x, 7/)-local” view¬ 
point, for the curvatures appear naturally on TM 0 or SM. But Ichijyo in [T5j [16J 
introduces another natural “x-local but 7/-global” viewpoint to deal with Finsler ge¬ 
ometry. For some problems, it is better to view a Finsler manifold as a family of 
Minkowski spaces. A natural relation between tangent spaces at different points on 
M is the nonlinear parallel transport. One refers to mum for details about par¬ 
allel transports. Since each Minkowski space admits a natural Riemannian metric, it 
is proved ([5| [TT] [IB]) that M is a Landsberg manifold if and only if the nonlinear 
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parallel transports are all Riemannian isometry. One also proves that for a Berwald 
space, the nonlinear parallel transports are in fact linear Riemannian isometry be¬ 
tween tangent spaces. We prove in this paper that the inverse statement is also true 
(cf. Theorem 7). 

Under the “x-local but y-globaf’ viewpoint, we would better to consider the tangent 
space T X M at a point x G M globally. By definition, nonlinear parallel transports 
give norm preserving mappings between the tangent spaces at different points. Ac¬ 
cording to the equivalence theorem of Minkowski spaces (cf. Theorem 1), we need to 
observe the behavior of metric g and Cartan-type form r) under the nonlinear parallel 
transports. We prove that g is horizontally stable if and only if L = 0. And simi¬ 
larly 77 is horizontally stable if and only if mean Chern-Minkowski curvature trP = 0. 
Since Berwald spaces is characterized by g and g are horizontally stable everywhere 
(cf. Theorem 8), then L — 0 and trP = 0 imply that P = 0 (cf. Theorem 9). Since 
the mean Chern-Minkowski curvature trP is just the mean Berwald curvature E if 
L = 0, then we prove that L = 0 and E = 0 imply that P = 0. This gives a positive 
answer of a problem asked by Shen in [33]. 

This paper will mainly be divided in to two part. The first part contains Section 
1 and 2 , and the second part contains the remain sections. In the first part, we 
will investigate the centroaffine geometry of the indicatix of a Minkowski space. As 
applications, we prove equivalence theorems of Minkowski spaces. In the second 
part, Finsler geometry will be investigated. The local geometry can be described by 
the Bott-Chern connection and its curvatures. But the y-global geometry need the 
concept of nonlinear parallel transport. After a review of these two theories, we try 
to join them to prove some results relate to the Unicorn problem in Finsler geometry. 

In this paper, lower case Latin indices will run from 1 to n and lower case Greek 
indices will run from 1 to n — 1. We also adopt the summation convention of Einstein. 
We will assume in this paper that n > 3. 

Acknowledgements. The author would like to thank Professor Huitao Feng for 
his consistent support and encouragement. The author would like to express his deep 
appreciation to Professor Guofang Wang for his warm hospitality and discussions 
on Mathematics, while the author stayed in Mathematical Institute Albert Ludwigs 
University Freiburg in 2014. 


1. Review of centroaffine differential geometry of hypersurfaces 

In this section, we would like to review the fundamental equations and some results 
of an affine hypersurface with centroaffine normalization. One refers to [20, 26] [30] 
for details. 

1.1. Centroaffine normalization of a nondegenerate hypersurface. 

Let V be a real vector space of dimensional n with a chosen orientation. Let V* be 
the dual space of V, and ( , ) : V x V* —> M the canonical pairing. V has a smooth 
manifold structure and a flat affine connection V. 
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Let x : M —y V be an immersed connected oriented smooth manifold M of dimen¬ 
sion n — 1. Then for each point of p G M, dx(T p M) is an n — 1 dimensional sub¬ 
space of T x (p)V, and defines an one dimensional subspace C p M = {v* G V*\ kern* = 
dx(T p M )} C T* (p ^V. The trivial line bundle CM = [j p C p M is called the conormal 
line bundle of x. 

Let Y be a nowhere vanishing section of CM. If rank(dY, Y) = n, then x is 
called a nondegenerate hypesurface. The nondegenerate property is independent to 
the choice of the conormal field Y. In this paper, wo will only discuss nondegenerate 
hypersurfaces. Let y : M —* V be the special vector hied y(p) = —x(p ), Vp G M. If 
(Y, y) = 1, then the pair {Y, y} is called the centroaffine normalization of x. We state 
the structure equations of x(M) with respect to the centroaffine normalization {Y, y} 
as following, 

(1.1) V v y = dy(v ) = -dx(v), 

(1.2) 'V v dx(w) = dx(S7 v w) + h(v, w)y, 


(1.3) W* v dY(w) = dY (V*u>) - h(v, w)Y , 

where h is a nondegenerate symmetric (0, 2 )-tensor and called the induced affine 
metric, V and V* are torsion free affine connections. These geometric quantities 
satisfy 

(1.4) dh(v i, v 2 ) = h(Vv i, v 2 ) + h(v i, V*n 2 )- 

Then the triple {V, h, V*} are called conjugate connections. For any triple of 
conjugate connections {V, h, V*}, one can define C = |(V —V*) G fl 1 (M, End(TM)). 
By (11.41) . the ( 0 , 3)-tensor C := h o C is totally symmetric and called the cubic form 
of {V, h, V*}. One can prove that 

(1.5) 6 = ~ Vh. 

For {V, h, V*}, the Tchebychev form T is defined as the normalized trace of C, 

(1.6) T = —-—trO. 

n — 1 


The Tchebychev held T is the dual of T with respect to h. 

Let u(h) be the Riemannian volume of h on x(M) and c o the induced volume form 
on x(M) from the orientation of V. Then it is proved that 


T 


1 


n — 


-dlog 


u 

Lo{h) 


(1.7) 
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1.2. Integrability conditions and fundamental theorems. 

We have the following equations from the integrability of an affine hypersurface 
x(M) with the centroaffine normalization {Y,y}, 

(1.8) R h {U, V)W = - [h(U, W)V - h{V, W)U} + [C{C{U)W)V - C{C{V)W)U ], 
and 

(1.9) {VbC){V)W - {V$C){U)W = 0 , 

where V /l and R h are the Levi-Civita connection and curvature tensor of h, respec¬ 
tively. 

Lemma 1 ([30], 6.3.3). Let V be a real vector space of dimension n and M a con¬ 
nected, simply-connected, oriented smooth manifold with dim M = n — 1. Let (M, h) 
be a pseudo-Riemannian manifold. Let C be a totally symmetric (0, 3) -tensor field on 
M. Let C be the {1,2)-tensor identified to C via h. 

If the curvature tensor R h of h and the cubic form C satisfy the conditions II 1.81) 
and lil.yO . then there exists a nondegenerate immersion x : M —» V together with the 
centroaffine normalization {Y, y}, such that the induced affine metric and cubic form 
respectively induced by the centroaffine normalization are exactly h and C. 

Lemma 2 ([30], 6.3.3). Let ay : M —>■ V% be two nondegenerate immersion of M 
in n dimensional real vector spaces V) with the centroaffine normalization {Yi,yi}, 
i = 1 , 2 . Then hi = h 2 , C\ = C 2 if and only if there exists a nondegenerate linear 
homomorphism L E Hom(Vi, V 2 ), such that 

x 2 — L oil. 

1.3. Uniqueness theorem for hyperovaloids. 

Compare with the above local uniqueness theorem, there is a remarkable global 
uniqueness theorems for hyperovaloids. We review some facts about hyperovaloid. 

Lemma 3. Let M be an n — 1 dimensional connected closed smooth manifold. Let 
x : M —> V be a smooth immersion in an n dimensional real vector space V. If the 
centroaffine normalization of x{M) is nondegenerate, then x{M) is a hyperovaloid. 

Lemma 4 ([26], Prop. 7.3). Assume that x : M —» V is ann dimensional hyperovaloid 
with respect to the centroaffine normalization. Then 

(i) M is diffeomorphic to the n — 1 dimensional standard sphere S" - ” 1 ; 

(ii) x is an imbedding; 

(iii) x{M) is the boundary of a strongly convex body, in which the origin is con¬ 
tained. 

Remark 1. In [26], two terms about convexity are used. They are “locally strictly 
convex” and “globally strictly convex” respectively. But in [ 6 ], the convexity “lo¬ 
cally strictly convex” is named as “strongly convex”, and “globally strictly convex” as 
“strictly convex”. It is proved that strongly convexity implies strictly convexity in [6]. 
Here we follow [6] terminologically. 
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Now we are going to state a remarkable rigidity theorem about hyperovaloids with 
centroaffine normalizations, which is due to R. Schneider [25]. 

Lemma 5 ([28], Satz 4.2). Let x\ : M —>■ V) be two nondegenerate immersion of M in 
an n > 3 dimensional real vector space V) with the centroaffine normalization {Y), yf\, 
i — 1,2. Let Tj = ^-j-trCj be the Tchebychev forms of x ir i = 1,2, respectively. 

Then hi = /i 2 and 7\ = T 2 if and only if there exists a nondegenerate linear 
homomorphism L G Hom(Vi, Vf), such that 

xi — Lox\. 

2. Equivalence theorems of Minkowski spaces 

2.1. Minkowski spaces and their indicatrices. 

Let V be an n dimensional real vector space with a given orientation. Let {fc>i,..., b n } 
be an oriented basis. Then the mapping <f : V —)■ M” defined by 

4>{y) = (y\ ■ ■ ■, 2 / n ), Vy = y l hi G V, 

gives the standard smooth structure of V. Let {b^,..., b*} be the dual basis. The 
orientation of V is then the n form w = b] A • • • A b*, which gives a volume form on 
V. 

For any function f : V —> M, we will denote / = f o0 _1 . f is said to be differentiable 
on V, if / is differentiable as a function on M n . These definition is independent to 
the choices of the basis of V. 

In the following, we review some basic concepts. 

Definition 1. Let V be an n dimensional real vector space with the standard smooth 
structure (?/*;</>). Let F : V —* [0, +oo) be a function, such that 

(i) F is continuous on V , and smooth on Vo := V \ {0}/ 

(ii) F(Xv) = XF{v), Vv G V, VA G M+; 

(ii) F is strongly convex, i.e., the symmetric tensor g := Vd [^F 2 ] is positive 
everywhere. Then F is called a Minkowski norm ofV. (V,F) is called a Minkowski 
space. 

By definition, (Vo, g) is a Riemannian manifold related to a Minkowski space (V, F). 
The Riemannian geometry of (Vo, < 7 ) is fundamental and has many applications in 
Finsler geometry, . But the following concept concentrates almost all geometric in¬ 
formation of a Minkowski space. 

Definition 2. Let (V, F) be a Minkowski space of dimension n. The set 

(2.1) I F := {v G R|F(u) = 1} 

is called the indicatrix of the Minkowski space (V, F). 

The indacatrix If of a Minkowski space (V, F) have been studied as a submanifold 
of (Vo, < 7 ). For the study of Ip from this viewpoint, one refers to [ 6 ] EZ, 31] • In the 
following, we will study the centroaffine geometry of Ip. It will be proved that these 
two kinds of geometry of If are in fact the same. But the centroaffine differential 
geometry are more suitable for the discussion of equivalence problem. 
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Definition 3. Let (KF) and (F,F) be two Minkowski spaces of dimension n. If 
there exists a homomorphism L £ Hom(F, F), such that 

F = Fo L, 

then (V, F) and (F, F) are said be equivalent. We will denote (V, F) rs./ (F,F), if 
(F,F) and (F, F) are equivalent. 


It is clear that “ ~ ” is an equivalent relation on the set of n dimensional Minkowski 
spaces. 

Lemma 6. Let (F, F) and (F, F) be two Minkowski spaces of dimension n. Let Ip 
and Ip be their indicatrices respectively. Then (F, F) ~ (F,F) if and only if 

If = L( 4), 

holds for some L £ Hom(F, F). 

Proof. We firstly assume that (F, F) ~ (F,F). So F = F o L holds for some L £ 
Hom(F, F). For any v £ Ip, we have 

F (L(v)) = (Fo L)(v) = F(v) = 1. 

So L(v) £ I F . 

For any v £ Ip, one chooses that v = L“ 1 (n). Since 

F(u) = (F o L)(L~\v)) = F(v) = 1, 

then v £ F(h) and v = L[y). So we have proved that Ip = ^(Ip)- 

Now, we assume that Ip = F(Ip) for some L £ Hom(F, F). For any v £ F 0 , it is 
clear that A -1 h £ Ip, where A = F(h). Since L (A -1 !;) £ If, we have 

(F o L)(v) = F(L(v)) = AF (L (A -1 h)) = A. 

It implies that F = F o L for L £ Hom(F, F). □ 

Before the study of the centroaffine differential geometry of the indicatrices, We 
would like to review the definitions of three basic tensors on (Vq ,g). 


Definition 4. Let (F, F) be a Minkowski space of dimension n. We define a conformal 
metric of g as 


9 jp2 9 ' 


The Cartan tensor is defined by 


A = 


2F 2 


Vp. 


Let \Q\ = be the Radon-Nikodym derivative of the Riemannian measure of g 

with respect to the measure co = b* A • • • A b* induced by the orientation of V. The 
Cartan form is defined by 


g = dlog \g\. 
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Remark 2. One notes that tensors g, A and r) are all homogeneous of degree 0. And 
i x A = 0 and iy-q = 0, where x is the position vector field on V. 

Lemma 7. The tensors g, A and g are relative invariants with respect to the equiv¬ 
alence relation of Minkowski spaces. 

Proof. Let (V. F) be a Minkowski space. Let {bi,..., b„} be an oriented basis of V. 
Let 0 be the induced coordinate map from V to Then we have dF = 0* dF , and 

g = (J)*((F y iF yj + FF y i y j)dy l ®dy 3 ), 

where F — F o 0 _1 . 

Let (V, F) be a Minkowski space which is equivalent to (V, F). Then there exists 
L G Hom(F, V) such that F = F o L. Let b ; = L _1 (bj), i — 1,... ,n. Let 0 be the 
induced coordinate map from V to M n . Then we have 0 = 0 o L. ft follows that 
F = Fo 0” 1 = (FoL)o(0oL) _1 = F. So we obtain 

9 = (f*({FyiF y j + FF y i y j)dy l ® dy 3 ) 

= L* O (j)*((F y iFyj + FFyi y j)dy l <g) dy 3 ) 

— L*g. 

By the same way, we can prove that A = L*A and fj = L*g. 

□ 


We are going to discuss the centroaffine differential geometry of the indicatrix of a 
given Minkowski space. 

Lemma 8. Let If be the indicatrix of a Minkowski space {V, F). Then the identity 
map i : If — > V is an imbedding. For each point v e I F , if we choose that y = — v G 
T v V, Y = — dF G TfV, then the pair {Y, y} gives the centroaffine normalization of 

If- 


Proof. Since the Minkowski norm F : Vo —> M + is a smooth mapping, and 

F(Xv) = XF(v), V A > 0, 


then 

F * v (f(t)) = dt E v G TyV ' 

So F is a submersion. By the inverse image of a regular value theorem, Ip = F _1 (l) 
is an imbedding submanifold of Vo- 

For each smooth curve 7 : (—e, e) —> Ip such that 7(0) = v G If, it is clear 
F(7<0)) = 1. Then 


0 


d_ 

dt 


F(7 (*)) 


t =0 


and — dF is a conormal held of If- 


(dF.m), 
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By the Euler theorem for homogeneous function, 



where F = F o 1 . So {Y = — dF, y = —u} is the centroaffine normalization. □ 


Let {Y, y} be the centroaffine normalization of If determined in Lemma [8l Then 
we have the induced affine metric h on I F by the Gauss equation (11.21) . 

Lemma 9. The induced Riemannian metric h is given by 


( 2 . 2 ) 


7 •* ^ •*! 

h = i g = i h, 


where i : I F —» V is the identity map, and h := VdF is the angular metric. As a 
consequence, h is positive definite and I F is a hyperovaloid. 

Proof. The equation (j 1.2 [) reads 

VJ*W = i*(y u w ) + h(u,w)y, 

where u,w G T(TIp) are smooth vector helds on I F , and V is the induced affine 
connection. 


Since g = F 2 (c/F 0 dF + FVdF), we have 

i*g(u,w) = F~ 2 (c/F 0 dF + FVdF)(f*u, i*w) 


= VdF(i*n, i*w) 
= (V u dF, uw) 

= (-dF, Y u i*w) 
= h[u, w). 


So h is positive definite everywhere and I F is a hyperovaloid. 
Lemma 10. The cubic form C is given by 


□ 


(2.3) 

and the Tchebychev form is 


C = —i*A, 


(2.4) T = - 

71—1 


(2.4) 


Proof. Let u,w,z 6 T{TIp) be smooth vector helds on I F . Since that 


A = 7^yV(dF 0 dF + FVdF) 


= ^(VdF 0 dF + 2dF 0 VdF + FVVdF), 
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and 


\7dF(u,y) = ( V u dF.y) 

= (-dF, V u y) 
= (-dF, -i*u) 
= 0 . 


-^■(Vc/F 0 dF + 2dF 0 VdF + FVVdF)(f*£, i*u, i*w) 

F z 

VVdF(i*z, i*u, i m w) 

(V 2 (VdF)) (i*u,i*w) 

z(X7dF(i*u, i*w)) — VdF(V z i*u, i*w) — VdF(i*u, \7 z i*w) 
£(VdF(i*w, i*w)) - VdF(L(V 2 u), i*w) — VdF(i*u,i*(V z u)) 
z(i*(VdF)(u,w))-i*(VdF)(V z u,w)-i*(VdF)(u,V z w) 
z(h(u, w )) — h(XJ z u, w) — h(u, V z w) 

(V z h)(u,w) 

—2 C(z, u, w). 

So (12.3p follows. One similarly has l\2A\i from (11.71) . 

□ 

The above lemmas show that how to derive the centroafhne differential geometric 
structures of the indicatrices of Minkowski spaces from the Minkowski norms. Con¬ 
versely, a hyperovaloid M with origin in its interior can define a Minkowski norm F, 
such that If — M. 

Lemma 11. Let V be an n dimensional vector space. Let M be a hyperovaloid in 
V with origin in its interior. Then there is a Minkowski norm F on V such that 
I F = M. 

Proof. Since M is strongly convex, then for each f 6 Vo, the ray {tv\t >0} has a 
unique intersection point v with M. Let v = Xv. then we can define a function 
F : Vo —> (0, +oo) as 

F(h) = A. 

It is clear that F is positive homogeneous degree 1. Let (U,rji) be a coordinate chart 
of M with the coordinate map if : U —> M n_1 . The scalar product s : K + x V —> V 
is clearly smooth. Then the restriction of s on M + x U is also smooth as M is a 
smooth imbeded submanifold. We will denote that M + ?7 := s(R + x U ). Since the 
Jacobian of s at (X,v) is J = A n ~ 1 (v,dv) = (—l) n A n ~ 1 (y,dy), where y = —v denotes 
the centroafhne norm of M at v. Then J is nonsingular. By inverse function theorem, 
s : M + x U —y M + ?7 is a diffeomorphism. Let 0 = (i x if) o s^ 1 be a map from M. + U 


By (jl.5j) . we have 
2i*A(z, u, w ) = 
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to I x M” 1 = M n . Then 0 gives a coordinate map of R + t/. It is clear that 

Fo0" 1 (A,0([/)) = A, 

then F is smooth on Vo- 

Similar to Lemma El {— v,— dF} is the centroaffine normalization of M, where 
v G M. Moreover, we have 

s*g = s* (vd 

where h is the induced Riemannian metric of M with respect to the centroaffine 
normalization. So we have proved that F is a Minkowski norm on V. Ip = M holds 
by definition. □ 

2.2. Equivalence theorems of Minkowski spaces. 

As a consequence of the discussion in Subsection 2.1, one has the equivalence 
theorems of Minkowski spaces. 

Theorem 1 . Let (Vi,Fi) and (V 2 , F 2 ) be two Minkowski spaces of dimension n, re¬ 
spectively. Let f : (Vi)o —x (1/2)0 be a norm preserving diffeomorphism which satisfies 

f{tv ) = tf(v), \/v G (Vi)o, Vt > 0. 

Then g± = f*g 2 and rfc = f*ij 2 if and only if there exists a nondegenerate linear 
homomorphism L G Hom(Vi, V 2 ), such that f — L and 

Fi = F2 o L. 


-F 


— dX &) dX T Xh, 


Proof. It follows that / induces a diffeomorphism between the indicatrixes / : Ipi —> 
Ip2. This theorem is a consequence of Lemma 5, 6, 9 and 10. □ 

As a corollary of Theorem [0 one has the following weak equivalence theorem of 
Minkowski spaces. 

Theorem 2. Let (Vi,F;l) and (V 2 ,F 2 ) be two Minkowski spaces of dimension n, re¬ 
spectively. Let f : (l/i)o (l / 2)o be a norm preserving diffeomorphism which satisfies 

f{tv) = tf (v) , Vv G (Fi)o, Vt > 0. 

Then g x = f*g 2 and A- L = f*A 2 if and only if there exists a nondegenerate linear 
homomorphism L G Hom(Vi, V 2 ), such that f — L and 

Fi = F 2 oL. 


As an application, we give an equivalent theorem of semi-C-reducible Minkowski 
norms. We will firstly give the following definition. 


Definition 5. Let (V, F) be a Minkowski space of dimension n > 3. For any q 1 —n, 

we define a if), A)-tensor on Ip as follows. 


(2.5) 


M q 


C-— — l —\B+^—^f®f®f\, if f^O, 
n + q-l\ ||T || 2 ) 

C, if T — 0 , 
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where 


B(u, v, w) 


h(u,v)T(w) + h(v,w)T(u ) + h(w,u)T(v ) 


foru,v,w E r(TIp), and, || • || means the norm of tensors with respect to the induced 
metric h. 

If M q = 0 for some g 7^ 1 — n, then (V, F) is called semi- C-reducible. If ( V , F) is 
semi-C-reducible and g 7^ 1, then (V, F) is called specially semi-C-reducible. 


Remark 3. The following tensor on Vq is defined by Matsumoto in [22l 121] , 


M q 


A- 


1 

n + g — 1 



g — 2 

INI 2 


Tj 09 7j <&> T] , 


if 7} f 0, 


(A, if T) = 0 , 

where B(U,V,W) = [h(U, V)rj(W) + h(F, W)rj(U) + h(W, U)r]{V)} for U, V, W E 
r(TVo), and || • || means the norm of tensors with respect to h. The tensor M 2 
is in fact the cubic Simon form of Ip in affine differential geometry. And M 2 is 
called Matsumoto tensor in literature. 

In fact, M q = —i* M g , where i : Ip —> V is the identity map. By Remark 2, M q = 0 
is equivalent to M 9 = 0. 


Theorem 3. Let (V. F) and {V, F) be n > 4 dimensional specially semi-C-reducible 
Minkowski spaces. Let f : Vo —>■ Vo be a norm preserving diffeomorphism which 
satisfies 

f (tv) = tf(v), Wv eV 0 , t> 0. 


If g = f*g, then A = f*A or A = —f*A. In the first case, (V, F) and (V, F) are 
equivalent. 

Proof. On the submanifolds Ip and Ip, we have the cetroaffine geometric structure 
induced by the identity maps. Since that / : If —> Ip is a diffeomorphism, the 
geometric invariants on Ip has been pulled back to Ip via /. Then the induced affine 
metrics satisfy h = f*h, because of g — f*g. So the Riemannian curvature tensor of 
h and f*h coincide. For any U , V, W, Z E r(TIp), formula fll.8p implies that 

h (C(U)W, C(V)Z) - h (C(V)W, C(U)Z ) 

(2 ' 6) =h ( 'c(U)W ., C{V)Z^j - h (c(V)W, C{U)Z^j , 

where C and C are the (l,2)-tensors on Ip defined by C and f*C with respect to h. 

Let ex, • • • , e n _! be an arbitrary local orthonormal frame held on Ip of the metric 
h. Then equation (12.6|) is equivalent to 

(C\ ry\ \ ^ //TO f^iOL /TO! S~^OL \ _ \ ^ I /^iOL PAot /^iOL S~10L \ 

V Z * * ) — V ' _ J > 

a a 

where C(e Q )e /3 = C^e-y and C(e a )ep = C^e 7 . 
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Let T = T a e a be the dual vector field of T, then T a = ^2p C Then equation 

(12.71) implies the following two formulas 

(2.8) (n - 1) Yi T“C% - Y = (n-l)Y T°C“„ - Y <%,<%. 

a a,0 a a,/3 

and 

(2.9) (n — 1) 2 ||T|| 2 — ||C|| 2 — (n — 1) 2 ||T|| 2 — He'll 2 . 

On another hand, F is specially semi-C-reducible, then (12.5p and M q = 0 implies 
that 


( 2 . 10 ) 


C'ctf3-y 


n — 1 
n + q — 1 


{fiapT-y + Sp-yT a + 5 ia Tp) + 


g~2 

\\T\\ 2 


T a TpT, 


where (7(e a , e^, e 7 ) = C a p 7 , and T(e a ) = T a . A similar formula holds for C as F is 
also specially semi-C-reducible, 


( 2 . 11 ) 


C'ap'y 


Tl — 1 


n + q — 1 

By (12.101) and (12.111) . a direct calculation gives 


SapTry + Sp^Ta + 8 ia Tp ) + — T a TpT . 7 


II^IP 


( 2 . 12 ) 


(n-iq3(n-2) + ( g+ iq , 

(n + q — l) z 

~ 2 (n - l) 2 [3(n - 2) + (q + l) 2 ] ~ 2 
IKI1 “ (n + q-iy PI1 ■ 


Combining (12.91) and (12.12ft . we have 
(2.13) 


"~ 3 + 2 Vf = "- 3 + 2 f l| ff. 


(n + q — l ) 2 (n + q — l ) 2 

Plugging (I2.10P and (12.lip in (12.8ft , one has 


(n - 3)fa - !) r ^ + y - 3 +5 ^ 7 „|| T |p 


(2.14) 


(n + q - 1 ) 


2 1 u 


(n + q — 1 ) 2 


(n-3)(g-l)^ n-3 + g n ^ l|2 

-TyT u + t —— ; —— Vlcll • 


(n + g —l) 2 71/1 (n + g —l) 2 ' 

Now we assume that q and q are both not equal to one. At any point where T ^ 0, 
we can choose the frame field e 1; ..., e n _i such that T 7 y 0 for 7 = 1 ,..., n — 1. As 
n > 3, choosing indices 7 y u in (12.14ft gives 


(2A5) -j- — 1 — V2 T f T„ = 

[n + q — iy (n + q — iy 

From (12.151) . we know that T 7 y 0 for 7 = 1,..., n — 1. Then the zero points sets of 
T and T coincide. Moreover, (I2.15P implies that 

Q ~ 1 ^2 9 ~ 1 


9-1 


-T T 

. ± ryj. 1, . 


(:n + q- 1)^ 


{n + q — iy 7 


T 7 , 7 = 1,..., n — 1. 
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9-1 


rimi 2 = 


9-1 




Then we have 

^ 2 ' 16 ^ (n + q- l) 2 "^" (n + q- l) 2 ' 

If q and q are both not equal to (3 — n)/2, then by (12.13[) and (12. 1 6f) . one has 
. n - 3 + 2q _ n - 3 + 2q 

^ ’ q -1 q- 1 ’ 

or T = T = 0. So we obtain q — q. Then (12.151) implies that 
(2.18) T = ±T. 


If q — (3 — n)/ 2 , then (12.13[) implies q — (3 — n)/2 unless T = 0. So (12.18f) again 
holds in this case. 

By (12.101) . (12.lip and (12.181) . we obtain 

C = ±C. 


As A is zero on directions along the rays start from zero, we have 


A = ±A. 


□ 


3. Preliminary of Finsler geometry 

3.1. Some notations in Finsler geometry. 

Let M be an n dimensional smooth manifold and 7r : TMaM the tangent bundle 
of M. Let (U](j)(x) = (x 1 , x 2 ,..., x n )) be a local coordinate system on an open 
subset U of M. Then by the standard procedure one gets a local coordinate system 
ijj(x,y) = (x 1 ,..., x n , y 1 ,... ,y n ) on 7 r _1 ((7). Set TM 0 = TM\ 0, where 0 denotes the 
zero section of TM. Then ^(x, y) with y A 0 is a local coordinate system on TM 0 . 

Definition 6. A Finsler structure on M is a continue function F : TM —» M, which 
is smooth on TM 0 , such that F t x m is o Minkowski norm for each x 6 M. A manifold 
M with a Finsler structure F is called a Finsler manifold, and denoted by (M, F). 

Let F = F oil)- 1 , then F is a smooth function of 2n variables. By the definition of 
Minkowski spaces, the n x n matrix 

( 9ij ) ^^ ’ 

is positive definite everywhere. 

Using the Finsler structure F of a Finsler manifold (M, F), one can compute the 
energy variation of curves in M. The following important data in Finsler geometry 
appears naturally in this process: 
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where (g 13 ) = It is clear that 

(3.1) G\x, A y) = A 2 G\x, y ), A > 0, i — 1,..., n. 

The spray G or the Reeb held of the Finsler manifold (M, F) is defined as a special 
smooth vector held on TM 0 as follows 

d d 

G = y l — - 2 G 1 —. 
dx 1 dy 1 

In literatures, G u s are called the spray coefficients. 

Set 


Clearly, the vectors 
(3.2) 


_S_ _ a_ _ d(P__d_ ji_ _ d_ 

5x l dx 1 dy 1 dy 3 ’ 5y l dy l 


5 5 5 5 5 5 

5x l 5x 2 ’ ’ 5x n ’ 5y l ’ 5y 2 ’ ’ 5y r 


form a local tangent frame of TMq. For another local coordinate system ( U;x ) on 
M, a routine computation shows that 


dx 3 5 


dx 3 5 


5x l dx 1 5x 3 ’ 5y l dx 1 5y 3 

Then T(TM 0 ) admits a splitting induced from the Finsler structure F, 

T(TM 0 ) = H{TM 0 ) © V(TM 0 ), 

where H(TM 0 ) = span ..., and V(TM 0 ) = span ..., 

Now by (13.31) . one gets a well-defined linear map J : T(TM 0 ) —y T(TM 0 ] 

\Sx‘J Sy 1 ’ \Sy‘J Sx 1 ’ 
which is in fact an almost complex structure on TMq. Let 

{Sx 1 ,5x 2 ,..., 5x n , Sy 1 ,5y 2 ,..., 5y n } 
be the dual frame of (13.21) . One has 

1 


5x l = dx 1 , 5y l = 


F 


j j dG\ , 
dy + -7T- dx 3 
dy 3 


and 


(3.4) r{Sx*) = —5y i , J*{5y l ) = 5x\ 

where J* denotes the dual map of J. 

Let 7T : SM = TMq/MF —> M denote the projective sphere bundle. Now the 
fundamental tensor g = gijdx 1 0 dx 3 defines an Euclidean metric on the pull back 
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bundle tt*TM over SM. Note that tt*TM admits a distinguished global section 
l : SM ->• 7r*TM, which is defined by 

;(*,[»]) = (*,[9 ],-^). 

For any local orthonormal frame {ei,..., e n } of (7 t*TM, g ) with e n = l, let {cu 1 , • • • ,uj‘ 
be the dual frame. Clearly, a/’s can be also viewed naturally as (local) one forms on 
SM as well as on TMq. Here uj n , the so called Hilbert form, is a globally defined one 
form and u> n = F y iSx\ Set 

u n+i = J*^), i = 1,2,... ,n. 


The one forms co 1 ,co 2 ,... ,co 2n 1 and c o 2n = —F y i5y l = —rflogF give rise to a local 
coframe of TMq. The tensor 

n n 

g T(TMo) = J2uj i ®LO i + J2 U n+i ® UJ n+i 
i =1 i =1 

gives raise a Riemannian metric on TM 0 . 

Moreover, one verifies easily that the forms oj n+a , a = 1,2,... ,n — 1, are actually 
the one forms on SM and the set 

(3.5) 6 = {cu 1 ,... ,(jj n ,oj n+1 ,... ,cu 2n-1 } 

forms a local coframe of SM. Let {e^ ..., e n , e n+1 ,..., e 2n -i} denote the dual frame 
of 6. By using the local coframe (13. 5 1) . the tensor 


g T(SM) 


n 


n— 1 


® +^u n+a 

i= 1 a =1 


< 8 ) id 


n+a 


gives a well-defined Riemannian metric on SM, which is called the Sasaki-type Rie¬ 
mannian metric on SM. 

Write that 


a P = vjSx*, and so u n+a = ,F{v°Sx l ) = -v?5y\ 

Then one has 

(3.6) ei = ulj— and e n+a = ~K^- p 

where (uj) = (v 2 ) 1 . Here also note that v™ = F y i and u l n = y. 


3.2. Bott-Chern connection and Bianchi identities. 

Let H(SM) be the horizontal subbundle of T(SM) spanned by 

(3.7) {e!,...,e n }, 

and V(SM) the vertical subbundle spanned by {e n+ i,..., e 2n _i}. The bundle struc¬ 
ture 7r : SM —> M gives a simple foliation structure on the Riemannian manifold 
(SM, g TI ' SM ' > ), which is foliated by the vertical bundle V(SM ). Set 

T = V(SM), F ± = H(SM ). 
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Then J c± = H(SM ) admits the famous Bott connection . 

By Theorem 1 in [T3], the Bott connection F 1 = H(SM) is exactly the Chern con¬ 
nection, with respect to the canonical identification of tt*TM with H(SM). Moreover 
the Cartan connection is just the symmetrization of the Bott connection. We would 
like to denote the Bott-Chern connection as 

V BC : Q*(SM;H(SM )) Q* +1 (SM; H{SM)). 

The Cartan connection will be denoted by V BC . Another important quantity ap¬ 
peared here is a ff 1 (S'M)-valued endomorphism H = (g ud as the difference 

between V BC and V BC , 

H = V BC - V BC e n\SM, End(H(SM))). 

By Lemma 3 and Lemma 4 in [13], Hij = Hji = Hij 1 ui n+ ' 1 is locally determined with 
respect to (j3.6(1 by 

Hij'y ApqkUi UjUf, 

where Ay*, = \F[F 2 ] y i y j y k. In JT3] , H is called the Cartan endomorphism. The one 
form 

rj = tr[H\ eQ\SM) 

is called the Cartan-type form. Then Cartan-type form has a local formula 

n 

rj = Yl H ^ n+1 ='■ 

2—1 

Remark 4. In literature, Cartan from is locally defined by I = H^vS 1 . This is the 
reason why we call r) the Cartan-type form. From the discussion in Section 2, under 
the identification of projective sphere bundle and indicatrix bundle (cf. [7]/, we know 
that H and 77 are the extension of the cubic form and Tchebychev form to the family 
case. Some simple calculus show that p and I behavior differently. For example, 
dl = 0 means M is a Riemannian manifold. But the properties of dr/ has not been 
understand well. 


Let uj = (u;*■) be the connection matrix of the Bott-Chern connection with respect 
to the orthnormal frame (13.71) . i.e., 

V BC ej = ujej. 

We list here the structure equations of V BC . 


Lemma 12. The connection matrix uj = (a;*) o/V BG is determined by the following 
structure equations. 


(3.8) 


did = id Auj, 
uj + uj 1 = —2 H, 


where id = (a; 1 ,... ,0;"'). Furthermore, 

, , n — n+a 

— — kU — UJ , 


and cA 


0 . 
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The first equation in (13.81) is described as torsion freeness of Bott-Chern connec¬ 
tion. And the second equation in (I3.8j) implies that Bott-Chern connection is almost 
preserving metric. 


Remark 5. Chern connection is constructed originally by Chern in the study of 
local equivalence problem in Finsler spaces [TO] . Since Finsler structure of a Finsler 
manifold can be viewed as a smooth family of Minkowski norms on the tangent spaces, 
then we can use the equivalence theorems for Minkowski spaces to deal with local 
equivalence problem in Finsler spaces. Then Theorem [H in fact gives the same solution 
as Chern HD], But a better solution for local equivalence problem in Finsler spaces 
can be obtained from Theorem QJ This observation will be noted in a forthcoming 
paper. 

Let R = (V BC ) 2 be the curvature of V BC . Let 0 = ( tv*) be the curvature forms of 
R. Then 


Q* = du\ - oA A c4- 


3 3 


Set 


Si* = -«/A J + P, V// A + -<? 3 . V+“ A w 


where 


R j\i ~ Rfi* Qi\b ~ Q / 


'j lk"> j a[3 


'3 /3a' 


Usually the “h-h” part 


R = A uj 1 ) <S) u: j ® e* 

2 J 

of R is called the Chern-Riemann curvature. The “h-v” part 

P — Pj i k 1 ( ujk A U3 n+1 ) <g) uj-’ ® e* 

is called the Chern-Minkowski curvature. The following Bianchi identities suggest 
that the “v-v” part of R does’t appear. 

Lemma 13. One has the following Bianchi identities induced from the torsion free 
property of Bott-Chern connection. 

R j\i + R k ij + R i l jk = o, 


and 


pi _ p i 
r j k'y r k j'y- 


Qj'ap — Qj 1 0a ~ 


3 /3« 


0. 


Some more involved Bianchi identities derived from the almost metric preserving 
properties of Bott-Chern connection. 


R j\l + R ikl + 2R ijl R n kl ~ 

Ri.j-/;o kl'ij 


Lemma 14. 
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and 

(3-9) Pj fc 7 + Pi fc 7 + ‘ZHijpPrfki ~ ^Hijryik = 0. 

where we have use the notation 

dHij^ HihryUJj Uji-yjJj il jjfjLO^ 

= : H ijl]k u k + H ijTia u n+a . 

As consequences Lemma [13] and Lemma [HI we have the following formulas about 
the Chern-Minkowski curvature. 

Lemma 15. 

(3-10) P n l fc7 = Hki-y\m 

and 

(3.11) Pj Iljj^jII[ n Hki8Pj ;3 7 1 n P Pjkd\n P Pij"f\k A Pkiy\j Pjkrf\i' 

For the proof of the above Bianchi identities, one refers to [2¥j . 

Definition 7. The Landsberg curvature is defined as 

L:=P„\(u* Au,”+ 7 )®e„ 

the mean Landsberg curvature is defined by J = trL. If a Finsler manifold satisfies 
P — 0, L — 0 or J = 0 ; then it is called a Berwald, Landsberg or weak Landsberg 
manifold, respectively. 

The following formulas will be used in the last section of this paper. 

Theorem 4. We define two tensors on TM$ as follows 

n 

g = P +j ®u n+j , 

3 =1 

and 

A = H aPl oj n+a <g> oj n+ P <g> oj n+ P 
Then the Lie derivatives of g, A and g are given as follows, 

n —1 

(3.12) = -2 Y, P„W n+a <S^ n+l> (mod uj, 

a, (3=1 

(3.13) 

C„A = (H aMi - H^P n » la - H a „P„% - H a ^P n Pj) w"+“ ® u n+l> ® (mod ui‘), 


(3.14) 


A .,0 = P j ’ il u n+1 (mod w‘). 
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Proof. Since that 


= dujf — cu^ A uip = -duj n+a + tu n+f3 A uj$, 


then 


dw"+“ = -iK + iw"+' s A uS 


= Aw 1 - P„>d A w ” + " + W " +,S A 

By Cartan homotopy formula, we have 
£ e O +a = (i ei d + di ei ) uj n+a 


a 

UJ(D . 




“■ E A O - P “E A a; n+/3 + 0 +/5 A 


OJ 


P 


2~ L n jk M J n# 

_ p a k pa ,n+0 ,at \ n+/J 

- R'n ik,U ~ i0^ ~ w /3l e B w • 

Using the fact ej(F) = 0 and <v 2n = —rflogF, one gets £ e E n = 0. So we have 

/ n —1 


ME 


u n+j <g> I - 


^ E 


u n+a <g> cu n+Q 


0=1 


^ Q!— 1 


n—1 


: E [(£eO + “) 8 + 0 + “ 8 (^e^ n+ “)] 


CK— 1 
n—1 


n-\-a 


a= 1 


E [(-AAX - AV> n+ ' 5 -‘a?( e <V n+ ' 5 ) ®w” 

+aP + “ ® (-JC«w‘ - P„ V n+,S - ^(e,)<w" w )] 
1 

E Rnik E 8 w" + “ + W n+a (8) O) 


n —1 


ct=l 


n— 1 


E (P n % + E +/ * 8 M +a + M +Q 8) M +/3 ) 

a=l 

E K \ fc E ® M +Q + M + “ 8 u k ) 

n —1 

E (A h + Ah + h(e.) + W|(e,)) V+« ® 


n —1 


Q!— 1 


a,/3=l 


n— 1 


E ^n“ fc E 8 M +Q + tU n+ “ <g> M 


Q!— 1 


n—1 

)- 2 E p . 

a,/3=l 


^ M + “ <g> OJ n+ P 

n iol ^ 


where we have use the facts 

Pnm = Ah. and 
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Furthermore, we have 
C ei {H aPl oj n+a ® oj n+f) ® u n+ ‘ 7 ) 

=ei(H a ^)uj n+a ® cP +/3 ® a ; n+7 + (£ ei w n+Q ) ® cu n+/3 ® <u n+7 

+ H afh uj n+a ® (£ e .a; n+/} ) ® oP +7 + H af)l u n+a ® aP +/3 ® (£ ei oP+ 7 ) 
= ei (^ 7 )a; re+Q ® cP +/J ® uP + 7 - H aPl (P n % + ^(e,)) a/*+" ® aP +/? ® cP +7 

- P a/ 37 uP+" ® (p/^ + wj(e*)) ® cP + 7 

- H aPl u n+a ® oP+^ ® (P n 7 M + ^(e*)) w n+ " (mod a/) 

=ei{H aPl )uj n+a ® u £ +/3 ® a ; n+7 - P Q/ 37 tu“(e i )a; n+At ® cP +/3 ® a ; n+7 

- P a/ 37 ^( ei )u; n+Q ® cP+^ ® cP + 7 - P a ^ 7 ( ei )a;" +a ® cP +/J ® u n+ * 

- H aPl P n a itl uj n+ » ® aP +/3 ® cP + 7 - H a ^P n p ifl u n+a ® cP+^ ® cP + 7 

- H aPl P n \uj n+a ® cu n+/3 ® a/* 4 * (mod a;*) 

= (ei(P Q ^ 7 ) - H^u^ef) - H afJil ujp(ei) - H^u^ef)) u n+a ® aP +/3 ® a ; n+7 

- (P M/ 37 P/ lQ + P^ 7 P n % + P^P/ i7 ) uP +Q ® w" 4 * ® uP +7 (mod cP) 

(^W - ® ® ^ n+7 ( m ° d ^)- 

For the Cartan-type form, we have 

C eiV =£ e , (P 7 uP+ 7 ) 

= ei (P 7 )(U n+7 + P 7 £ e ^ n+7 

= (e 8 (P 7 ) - F^( e! ) - P M P n %) uP + 7 (mod cP) 

= (^7|i - *Wrr) ( m0d W 4 ) 

=P j j iy U } n+1 (mod cP). 

□ 


3.3. Some properties of Cartan type one form. 

Let R and R be the curvature of V BC and V BC , respectively. Then we have 

Lemma 16. The exterior differentiation of ij is given by 
(3.15) dr} = —tr[R], 

Then dr] has the local formula 

)=-^>‘Aj-p,iyA U "«. 


(3.16) 


dr] = d(P 7 cP +7 
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Proof. It is well known that the Cartan connection is metric-compatible. Then 
tr[R] = 0. So one has 


0 = tr[R] = tr[(V 


(V bc + H)‘ 


BC\2i 


= tr 


= tr 


(V BC y + [V bc ,H] + [H,H] 

= tr [R] + tr [[V BC , H}] + tr [[H, H}\ 


where [•, •] denotes the super bracket on Q*(SM, End (H(SM))). By the element facts 
in [311] • we have 

tr [[H, H]\ — 0, 


and 

dtr[H] — tr [[V BC ,R]] . 

So the proof is complete. □ 


On a local coordinate chart ( U ; x l ), let (IVm = cr^dx 1 A • • • A dx n be any volume 
form on M. The following important function on SM is well defined, 


r = In 


y/ det gjj 
cr(x) 


t is called the distortion of (M, F). r is a very important invariant of the Finsler 
manfold, which is firstly introduced by Zhongmin Slien. One refers to mi for the 
other discussion about r. 

Let 1 = MG be the line bundle generated by the Reeb vector field G = Fe n . The 
quotient subbundle H(SM)/l will be canonically chosen as the orthogonal comple¬ 
ment of 1 in H(SM) with respect to g, i.e., 


l x = H(SM)/ 1. 


Definition 8. Using the Levi-Civita connection \/ T U AI ) 0 j metric gUSM), ^ 
introduce the following three operator on Q*(SM). 

d ' 1 = a vr (sM >, d'=u n a vr (s ">, d v = W ”+“ a vr (s ">, 


where V 7 *OA/) ^ eno ^ es the Levi-Civita connection on the cotangent bundle T*(SM). 
It is obvious that the above operators are well defined. So the exterior differential 
operator d on SM splits to three parts 

d = d l± + d l + d v . 


The following lemma gives another explantation of rj. 


Lemma 17. 


d V T = T). 
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Proof. 

d 1 t = dr mod(w’) 

= d In y^det ~gij — d In a(x) mod(w') 

= d In yj det g i3 mod(w l ) 

Assume that 9 = {in 1 ,..., tv n } has the same orientation with M. Let u = in 1 A- • -Au> n , 
one has 

doj = d{ in 1 A • • • A c o n ) 

= A u 1 A • • • A cA A • • • A ui n 

i 

= A ojj A a ; 1 A • • • A oA A • • • A u n 

i 

= -(XX) 

i 

= r) A in. 

Since 

cn = in 1 A • • • A a/ 1 = \J det (gij)dx 1 A • • • A dx n . 

Then 

dco = d\J det(py) A dx 1 A • • • A dx n 

_ d^det(gij) 

— — =^- /\ oj 

V det (gij ) 

= d In yj det A ui. 

Then one has 

d In yj det A u = g A u>. 

So 

rj = d\n y/detgij mod(w ! ). 

□ 


Set 

S = G(r). 

S is called the S'-curvature of the Finsler manifold (M, F), which is also introduced 
by Zhongmin Shen. For the detail of S'-curvature, one refers to PH mm G3j. 

Set S = |r = e n (r). If d v S — 0, then (M, F) is called of isotropic S'-curvature. The 
following corollary is simple. 

Corollary 1. 

(3.17) dr = d l± t + Six 71 + g. 

By Lemma fl6l and the above corollary, one has a description of (M, F) of isotropic 
S'-curvature. 
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Proposition 1. A Finsler manifold (M, F) is of isotropic S-curvature if and only if 

J*(d l± T) = J, 

where J* is the mapping given by jjS.ff ). 

Proof. Using Lemma fl6l the exterior differentiation of (13. 17ft gives 
0 =d 2 r = d(d l± r) + d(Suj n ) + dr) 

= d(e a (T)oj a ) + dS A oo n + Sdcu n + dr] 

= d(e a {r)) Aw Q + e a (r)du; a + d l± S A u n + d l S A ui n + d v S Ac o n + Sduo n + dr) 

= e a( e p( r )) uj0 ‘ Ac / + e n (ep(r))u n A a/ + e n+Q (e / 3 (r))o; n+Q A c/ 

+ e a (rV A w? h/SAw^ A cu n + Su> a A w n+ “ 

= e a (eg (r))cu Q A c/ + e n (e / 3 (r))a; n A a/ + e n+Q (e / 3 (r))a; n+Q A a/ 

+ e a (r)u; n A aP + “ + e Q (r)a/ A + d lX £ A co n + d v S Aw n + Fa;“ A aU + “ 

It follows that 


So 


d v S Au“- e Q (r)a; n+ " f\u: n - P r P A a; n+7 = 0. 




e Q (rK + “ - PA nQ ^+« 

J*(d l± T) - J. 


□ 


Proposition 2. For a Finsler manifold (M.F), let r 6e the distortion with respect 
to a given volume element of M. Then r) — dr if and only if S = 0 and J = 0. 

Proof. Hr) — dr, then d l± r = 0 and S — 0 directly holds. Since S — 0 obviously 
implies S is isotropic, then J = 0. The proof of the converse statement is similarly. □ 


4. Nonlinear parallel transport and special Finsler spaces 

4.1. Basic properties of nonlinear parallel transport. 

In this subsection, we review some facts of the nonlinear parallel transport. One 

refers to mum for details. 

Let (M, F) be a Finsler manifold of dimension n. Let a : [0,1] —> M be a smooth 
curve emanates form cr(0) = p. We assume that a is contained in a local coordinate 
(U ; x l ) of M. Let (cr 1 (t),... ,a n (t )) be the local coordinates of a(t), t G [0,1], The 
tangent vector of a{t) is then given by 


da 1 d 
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We have the horizontal lift vector held a of a on n 1 (a) with respect to the decom¬ 
position 

T(TM 0 ) = H(TM 0 ) © V(TM 0 ), 

where n : TM —>■ M is the canonical projection. At any point (a(t),z), where 

z £ T a (tjM \ { 0 }, 


a(a(t),z) 


da i 

5 

da 1 

9 

dt 

5x l 

dt 

, dx l 


d&, . . , d 

W {a{t) ' z) w> 




Now we consider the integral curves of the vector held a on i r 1 (cr). For any 
y G T p M \ {0}, let a : [0, e) —$■ 7r _1 (cr) be a curve such that <r(0) = (p, y ), and 


a(t) = (a(t),y(t)), y(t) e T a{t) M, Vte[0,e). 


Then a is an integral curve of a if and only if 

a(t) = V t e [0, e). 


Under local coordinate, let y(t) = y l (t) 


d 


dx * lcr(t) 


, then 


a{t) = 


da 1 d 


dt dx i 

da 1 5 
dt 5x l 


+ 


dy % d 


Wt),vW) dt W 

+ d y 

(c(*),2/(*)) 

= &({a(t),y(t))) + 


+ 


da j dG i , 


dt dt dyi 
dai ()G l 




d_ 

dy l 




<W_ 

dt dt dyi 


°(t),y(t)) 


d_ 

dy i 


U(i),2/(i)) 


It follows that a is an integral curve of a if and only if d(t) = ( a(t),y(t )) is the 
solution of the following ODE 


(4.1) 


dy i 

dt 


da j dG i 
dt dyi 


0 {t),y(t)) = 0, 


i = 1, • • • ,n, 


with initial value (cr(0),y(0)) = ( p,y ). By the theory of ODE, there exists e = e(y), 
such that (14.ip exist unique solution on [0, e(y)). Moreover, the following homogenous 
property induced by (13.ip 


r)C i c.)C ii 

(4.2) Xy ^ = x d^MQMt)), v a> o, 

implies that (a(t), Xy(t )) is the solution for the initial value (p, A y). The compactness 
of the projective sphere ( T X M \ {0}) /M + allow us to uniformly choose an positive 
number e > 0, such that the solutions of (14.ip exist on [0, e] for any initial values. 

As the curve d(t) = (a(t),y(t)) is in fact a vector field along a, we have the 
definition of nonlinear parallel vector held. 


Definition 9. A vector field a(t) = ( a(t),y(t )) along a is called a nonlinear parallel 
vector filed, if it is a solution of ( | The curve a(t) = ( a(t),y(t )) is called the 
horizontal lift of a(t) start from y( 0) = y. 
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Definition 10. For any t 0 G [0, e], define P atto '■ T P M \ {0} —> \ {0}, by 

(4.3) Pa,t 0 (y) ■= y(t o)> v y e t p m \ {o}, 

where y(t ) is the nonlinear parallel vector field along a with y( 0) = y. P„. to is called 
the nonlinear parallel transport along a from 0 to to. 

Lemma 18 ([l]f5, IT)). Let a : [0, e] —> M be a smooth curve such that the nonlinear 
parallel translation P^ t is defined for V t G [0, e]. Let p = <r(0), then the map P a>t '■ 
T P M \ {0} —$■ T a (t)M \ {0} is a norm preserving diffeomorphism, and 

(4.4) P ajt (\y) — \P a j(y), V A > 0, V y G T P M \ {0}. 

Proof. P a j, is a diffeomorphism follows form the theory of ODE. As the tangent vector 
of the curve a(t) = ( a(t),y(t )) is horizontal, i.e., a — a, then the norm preserving 
property follows form the basic fact jfrF = 0. Uniqueness theorem of ODE and (14.21) 
imply (14.4ft . □ 


4.2. Characterizations of special Finsler spaces. 

In this subsection, we are going to give some characterizations of Landsberg spaces 
and Berwald spaces via nonlinear parallel transport. 

Firstly, we would like to give a description of the differential mapping of the non¬ 
linear parallel transport. 

Let cr : [0, e] —» M be a curve in M with cr(0) = p. Let P^t be the nonlinear 
parallel transport form T p M \ {0} to T a ^M \ {0}, t G [0, e]. Let y G T p M \ {0} and 
u G T y ( T p M \ {0}). Then u is the tangent vector of the line r : [—£, £] —> T p M \ {0}, 

t(s) = y + su, 


through y = r(0). By the nonlinear parallel translation, we obtain a smooth mapping 
H ■ [-£,£] x [0, e] ->• 7defined by 

H(s, t ) := P att (T(s)) = P ait {y + su), V (s, t) G [-£, x [0, e]. 


For V t G [0, e], we have 


(4.5) 


d 


H *,m ( dt J dt 

d\ d 


d 


P<j,t(y + su) = 6ft), 


s =0 


h ' m ' S j - S 


P*,t(y + su ) = ( P a,t)^ v U. 


By (14.51) . we have, 
(4.6) 




s=0 


= II. 


*,(0 ,t) 


d_ d_ 

dt 1 ds 


= 0, 


for My G T p M \ {0}, Mu G T y ( T p M \ {0}) and Mt G [0, e]. 
Now we consider the well defined tensor on TM 0 , 


g = u n+i ®u n+i 
2—1 



Sy 3 

F ' 
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It is obvious that the restriction of g at T P M \ {0}, p G M, gives the Riemannian 
metric g p of the Minkowski space ( T p M \ {0}, F TxM ). 

Definition 11. Let (M, F) be a Finsler manifold, p G M and y G T P M \ {0}. For 
any smooth curve cr(t) start from <r(0) = p, let a(t) be the horizontal lift of a(t) start 
from y. The Riemannian metric g p of ( T p M \ {0}, F TpM ) is called horizontally stable 
at (p,y) along the curve a(t), if 

(p,,t ); W 9 = o. 

t=o 

If g p is horizontally stable at ( p , y) along any curve a(t) start from p, g p is called 
horizontally stable at ( p,y ). If g p is horizontally stable at ( p,y ), \/y G T P M \ {0}, we 
call g horizontally stable at p. 


d_ 

dt 


The following theorem is well known. 

Theorem 5 (P0ET1]). Let (M, F) be a Finsler manifold, p G M andy G T P M\{ 0}. 
Then the Landsberg curvature vanishing at (p,y), i.e., L(p,y) = 0 if and only if the 
Riemannian metric g p of ( T P M \ {0}, F t p m) is horizontally stable at ( p , y). 

Proof. Let cr(t) be any smooth curve emanated form p. Let a(t) be the horizontal lift 
of a(t ) start form y. For any m,jjG T y {T p M \ {0}), we have 

(i P cr,t) a ^ g'j (u,v) = 9(cr(t),y(t)) ([Po,t)* y U, (P<r,t) ^ 

By (14. 6p . one gets that 

d_ 

dt 
_d_ 

dt . 


S P ^Ta(t)9) (u,v) 
ff((T(t),y(t)) ^(P(T,t) {P(T,t) if) y V 

= o(f) 9{a(t),y(t)) 'll, U 

= {^d{t)9{a(t),y(t))^ {[Pa,t)^ y U, [Pa,t)^ y v'j + 9(o{t),y{t)) 

+ 9(a(t),y(t)) ((P*,t)* !y U, d(t), (Pa,t)* t yV 

= {^-'d(t)9{(r(t),y(t)) S j (iP<T,t)^ y U,(P at t)^yV 
It follows that 


a{t),{P a)t )^ y u 


, (Pa,t)^ y V 


d_ 

dt 


1=0 


(i P ^TaP)9) (u,v) = (£~( 0 } g) (u,v). 


By (13.121) . we have 

(G(0)s) («,») = -2 E 0)K+»V+' s (t>). 


n— 1 


a., (3=1 


Since the horizontal lift from T p M to H( ;p , y ) (T Af 0 ) is surjective, and the choice of 
u,veT y ( T p M \ {0}) is arbitrary, the theorem follows. □ 
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As a corollary, we have the well known characterization of Landsberg manifold. 

Corollary 2 ({T1I5UTT]). A connected Finsler manifold (M. F) is a Landsberg manifold 
if and only if g is horizontally stable everywhere, which is equivalent to say that 
nonlinear parallel transports 

P<T,t ■ {T a (0)M \ { 0 }, <?er(0)) “ > M \ { 0 }, g a {t)) : 

are Riemannian isometry, for any piecewise smooth curve a in M. 


Now we consider the well defined tensor 

A = H a g 7 C0 n+a 0 UJ n+ P 0 UJ n+1 . 


The restriction of A as well as 77 = H 7 uj n+ 7 on T p M \ {0}, p G M, gives the Cartan 
tensor and Cartan form of the Minkowski space ( T p M \ {0},F TpM ) up to a sign, 
respectively. Then we have the following theorem about Chern-Minkowski curvature. 


Theorem 6. Let (M, F) be a Finsler manifold, p G M and y G T p M \ {0}. Then 
Chern-Minkowski curvature P(p,y) = 0 if and only if g p and A p of (T p M\ {0}, F TpM ) 
are all horizontally stable at ( p,y ). 


Proof. Using (13.131) and (14.6p . for any smooth curve cr(t) with (j(0) = p and u,v,w G 
Ty{T p M \ {0}), we have 



= (H aMi - - H a „P/ if - H ae ,P n %) 0 - 

If P(p, y ) = 0, then L(p , y) = 0 and g p is stable at (p, y ). By (13.9[) and P(p, y) = 0, 
we have Pd a g 7 \i = 0. Then Ap is stable at ( p,y ). 

Conversely, if g p and A p is stable at ( p,y ), then L(p,y) = 0 and Ftap^i = 0. Using 
(13. lip , we conclude hat P(p,y) = 0. □ 


As a consequence, we obtain the following characterization of Berwald manifold. 


Theorem 7. A connected Finsler manifold (M, F) is a Belwald manifold if and only 
if g and A are horizontally stable everywhere, which is equivalent to say that nonlinear 
parallel transports 


Pa,t ■ (r m M \ {0}, f T ct(0)M ) -a- (r a (t)M \ {0}, F Ta(t)M j 


are linear mappings which preserving norms, for any piecewise smooth curve a in M. 


Proof. This theorem is a consequence of Theorem [2] and Theorem [HI □ 

Remark 6. R is firstly proved by Ichijyo [To] that the nonlinear parallel transports are 
necessarily linear mappings for Berwald manifold. This result has many influences in 
the study of Berwald manifold. Along this way, Szabo [36] gives his local classification 
of the positive definite Berwald spaces. Our Theorem^ implies that nonlinear parallel 
transports are all linear mappings in fact characterizes Berwald manifold 


Now we are able to prove the main theorem of this paper. 
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Theorem 8. A connected Finsler manifold (M, F) is a Belwald manifold if and only 
if g and g are horizontally stable everywhere. 

Proof. By Theorem [7] we only need to prove the sufficient condition. Assume that g 
and g are horizontally stable everywhere. For any piecewise smooth curve a in M, 
the nonlinear parallel transports 

Pa,t '■ (r a (g)M \ { 0 }, F r<T(0)M j ->■ (t^M \ { 0 }, F Ta(t)M ^ , 

preserving the metric g and Cartan-type form g. It follows form Theorem [T] that P a , t 
are linear. By Theorem [TJ the theorem follows. □ 


Theorem 9. A connected Finsler manifold (M , F) is a Belwald manifold if and only 
if the Landsberg curvature L and the mean Chern-Minkowski curvature tr P are van¬ 
ishing. 


Proof. Using (13.141) . for any smooth curve a[t) with cr(0) = p and u G T y (T p M\{ 0}), 
we have 


d 

dt 


t =0 


C P <r,tYa(t) r l ) ( M ) = (AHo) 7 ?) (“) = 


So L = 0 and trP = 0 implies that g and g are horizontally stable everywhere. It 
follows that (M , F) is a Belwald manifold by Theorem |8j □ 


In literatures, the Berwald curvature B is a tensor defined by 

, 8 3 G‘ 

J kl dy l dyWy k 

The trace of B is called the mean Berwald curvature E = tr B. If L — 0, then it is 
proved that B = P and E = trP (cf. [6], p. 67). 

So we have another version of Theorem [91 


Theorem 10. A connected Finsler manifold (M, F) is a Belwald manifold if and only 
if the L = 0 and E = 0. 

Remark 7. This theorem gives a positive answer of a problem asked by Shen (cf. [ 34] . 
p. 322). One also notes that Theorem [5| and Theorem\TQ are trivial for 2 dimension 
cases. 


Corollary 3. A connected Finsler manifold (M, F) is a Belwald manifold if and only 
if the L = 0 and dg = 0. 

Proof. By Lemma [T6]. di 7 = 0 implies that trP = 0. This corollary follows from 
Theorem [91 □ 

Corollary 4. A connected Finsler manifold (M, F) is a Belwald manifold if and only 
if the L = 0 and the S-curvature S = 0 for the distortion r with respect to certain 
volume element. 


Proof. By Proposition [2] L = 0 and 5 = 0 imply g = dr. This corollary follows from 
Corollary [3] □ 
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For Finsler manifold of specially semi-C-reducible Finsler structure, we have the 
following theorem. 

Theorem 11. Let (M. F) be a connected Finsler manifold such that the induced 
Minkowski norms on each tangent spaces are specially semi-C-reducible. Assume that 
the dimension of M is n > 4. Then (M, F) is a Landsberg manifold if and only if it 
is a Berwald manifold. 

Proof. If (M, F) is a Landsberg manifold, then g is horizontally stable everywhere. It 
follows that the nonlinear parallel transport preserves g along any piecewise smooth 
curves. By Theorem [3] and the connectedness of M, the nonlinear parallel transport 
preserves A. By Theorem [71 the theorem follows. □ 

Remark 8. In the papers [22], [21], the authors have proved that the (a, (3)-Finsler 
metrics are semi-C-reducible. But the metrics in [22] 121] may be not regular. We 
don’t know that whether (a, fd)-Minkowski norms are regular can implies that they are 
specially semi-C-reducible. If it is true, then Theorem\]j\ gives another proof of [35] 
for dimension satisfies n > 4. 

It is well known that C-reducible regular Minkowski norms must be Randers norms. 
So it is natural to ask if regular specially semi-C-reducible Minkowski norms are ex¬ 
actly (a, (d)-norms. Up to now, we don’t know the answer. 
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